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ABSTRACT. In this paper, we investigate sparse portfolio selection models with
a regularized lp-norm term (0 < p < 1) and negatively bounded shorting con-
straints. We obtain some basic properties of several linear l,-sparse minimax
portfolio models in terms of the regularization parameter. In particular, we
introduce an [1-sparse minimax Sharpe ratio model by guaranteeing a positive
denominator with a pre-selected parameter and design a parametric algorithm
for finding its global solution. We carry out numerical experiments of linear
lp-sparse minimax portfolio models with 1200 stocks from Hang Seng Index,
Shanghai Securities Composite Index, and NASDAQ Index and compare their
performance with [,-sparse mean-variance models. We test the effect of the
regularization parameter and the negatively bounded shorting parameter on
the level of sparsity, risk, and rate of return respectively and find that portfo-
lios including fewer stocks of the linear /,-sparse minimax models tend to have
lower risks and lower rates of return. However, for the l,-sparse mean-variance
models, the corresponding changes are not so significant.

1. Introduction. In 1952, Markowitz [28] formulated the portfolio selection prob-
lem as a quadratic programming problem, which is known as the mean-variance
model. This quantitative framework has since then become the milestone in the
field of portfolio selection and remains the dominant technique in use today. In this
framework, two critical elements, return and risk, are expressed by the expected re-
turn and the variance of the portfolio. Given N securities with return vector (7;)n
and covariance matrix (Q;;)nx n, the optimal portfolio of the mean-variance model
is the solution of the following linear constrained quadratic optimization problem
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N
E w; = 1,
j=1

where G is the required return in the investment. In addition, the constraint w; > 0
is included if the short selling is prohibited in the investment.

The mean-variance model provides a quantitative way to seek the balance be-
tween return and risk and has been demonstrated to be effective in empirical studies
(see [12,27,30]). Many competent algorithms are developed to solve the mean-
variance model with parametric formulation, typically the critical line algorithm
(see [29]), which has been efficiently used to investigate large-scale portfolio prob-
lems (see [33,34]). The active set method for multi-criteria convex quadratic pro-
gramming problems (see [18]) also substantially contributes to finding the efficient
frontier of the parametric mean-variance model. On the other hand, various risk
measures were proposed to replace the portfolio variance in the mean-variance model
and establish alternative portfolio selection rules. For example, the ones with linear
structure are representative. Sharpe [36] viewed the market responsiveness as the
risk measure and built a linear approximation of the mean-variance model. Af-
ter that, mean absolute deviation [24], minimum return [43], and I function [6]
were introduced as new types of linear risk measure and were also proved to be
competitive.

In modern society, portfolios including many securities are not desirable, espe-
cially for large-scale investments or retail investors. Therefore, finding sparse opti-
mal portfolios becomes an essential issue for portfolio selection. The terminology
cardinality is also universally used in literature when discussing the sparse portfo-
lios (see [7,41]). The regularization method is a promising method for pursuing the
sparse portfolios under the mean-variance model. In particular, the target portfolio
is generated by the following l,-sparse (0< p < 1) mean-variance model
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which modifies the model (1) by adding 7||w]||,. The term |Jw||, := (Zjvzl \wj|p)%
is known as the I, mnorm or l, regularizer, and the regularization parameter 7
provides a tradeoff between sparsity and accuracy. The [;-sparse mean-variance
model has been demonstrated practical for promoting the sparsity of portfolios (see
[4,11,14]). The l; regularizer has been widely adopted to seek sparsity for industrial
problems, such as image reconstruction, data analysis, and machine learning (see
[9,13,39]). When 0 < p < 1, Chen et al. [10] and Fastrich et al. [17] claimed that
sparse optimal portfolios can be obtained by solving the [,-sparse mean-variance
model. In addition, it was shown by Chartrand [8], Xu et al. [42], and Hu et
al. [20] that the use of [, norm rather than [; norm produces more sparse solutions
for industrial problems, although the computation of the I,-sparse formulation is
relatively complicated. Apart from the regularization technique, other selection
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criteria can be applied to achieve sparse optimal portfolios based on the mean-
variance model. By considering nonnegativity constrained portfolios, Jagannathan
and Ma [21] obtained an optimal portfolio including only 24.1 stocks out of 500
stocks. Qi et al. [35] applied their portfolio selection model to 1800-stock problems,
and the minimal number of selected stocks can be 62.11. Woodside-Oriakhi et
al. [41] presented a series of heuristic algorithms for the cardinality constrained
mean-variance model, which in essence is a quadratic mixed-integer problem. As
indicated in their experiments, the proposed algorithms effectively generate the
efficient frontier under the condition that the number of stocks included is fixed.

To the best of our knowledge, research on the sparsity of portfolios mainly cen-
ters on the mean-variance model but absents from linear portfolio models. In this
paper, we take the minimax rule [43] (see more details in Section 2) for instance
to discover the linear portfolio models regularized by the [, (0 < p < 1) norms.
For the regularized models, the tunable regularization parameter can be viewed as
a controller to adjust the level of sparsity and the space for short selling. Related
features or properties are analyzed for the better use of the sparse models. Corre-
spondingly, we also study the l,-sparse (0 < p < 1) minimax models numerically.
Xu et al. [42] and Hu et al. [20] justified that, among I, (0 < p < 1) regularizers,
the [ 1 regularizer performs best. Thus, we take the [ 1-sparse portfolio model as the
representative of the [,-sparse (when 0 < p < 1) portfolio model. The benchmarks
we select in the numerical experiments are the equal-weighted rule, the [i-sparse
mean-variance model, and the /1 -sparse mean-variance model. In order to compare
different sparse models, we observe their out-of-sample performances at the same
level of sparsity. We find that, compared with the /;-sparse minimax model, the
l1-sparse minimax model is more competitive when the level of sparsity is extremely
high. As resulting portfolios become less sparse, the performances of both models
are comparable.

On the other hand, we consider the [1-sparse Sharpe ratio model based on the
minimax rule. In the area of performance assessment, the Treynor index [40], Sharpe
index [37], and Jensen index [22] are the three most popular performance measures
to rank performances of portfolios or mutual fund managers. The Sharpe index,
also known as the Sharpe ratio, was first put forward by Sharpe [37] as an extension
E(f()R)Rfv
where E(R) and o(R) represent the expected value of return and the standard
deviation of return, which exactly are the return and risk in the mean-variance
model. And Ry stands for the risk-free return. On the basis of the Sharpe ratio, a
series of Sharpe-type ratios were constructed where alternative risk measures were
used to substitute the variance (i.e., the denominator of the classical Sharpe ratio),
e.g., Calmar ratio [44], Sortino ratio [38], Burke ratio [5], and Sterling ratio [32].
Apart from ranking performances, the Sharpe ratio is also employed as an objective
function of the portfolio optimization model (see [2,16]). Likewise, we generalize
the Sharpe ratio maximization model based on the risk measure of the minimax
model [43] (we call it the minimax risk measure for simplicity) and study its I;-sparse
formulation. For the proper use of the generalized Sharpe ratio model, we modify
the minimax risk measure by adding a constant to keep the denominator positive.
To find a global solution of the (generalized) /;-sparse minimax Sharpe ratio model,
we develop a parametric algorithm, which extends the algorithm proposed by Konno
and Kuno [23].

of the Treynor index. The classical Sharpe ratio was originally defined as
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It’s worth noting that the nonnegative return is an underlying assumption for
the classical Sharpe ratio. Bacon [1] pointed out that the negative return makes
the Sharpe ratio difficult to interpret. In fact, a larger Sharpe ratio represents a
higher rank of the portfolio. However, a negative return generates a negative Sharpe
ratio, then results in a perverse ranking. Specifically, a larger not less variance is
preferable when the return is negative. The nonnegativity of return is also assumed
for the generalized Sharpe ratio based on the minimax risk measure. For a similar
reason, the denominator of the generalized Sharpe ratio should be positive. But
unfortunately, the value of the minimax risk measure is possibly negative. As
a result, it is infeasible to adopt the minimax risk measure as the denominator
directly. To overcome this difficulty, we propose a revised minimax risk measure
A — M, to replace the original —M,, (see (6)), where A is a parameter such that
A — M, > 0. The function of risk measure is to rank the risk; in this sense, A — M,
is consistent with —M,,. Therefore, the revision is valid.

The main contributions of this paper are summarized as follows.

(i) We construct the I,-sparse (0 < p < 1) minimax models and investigate their
mathematical properties.
(ii) We formulate the l;-sparse minimax Sharpe ratio model by guaranteeing a
positive denominator with a pre-selected parameter.
(iii) We develop a global optimization algorithm to solve the (generalized) non-
convex [1-sparse minimax Sharpe ratio model.

The rest of the paper is organized as follows. In Sections 2 and 3, we construct
and analyze the [,-sparse (0 < p < 1) minimax models and the [;-sparse minimax
Sharpe ratio model, then follow numerical experiments in Section 4. Eventually,
the paper is concluded in Section 5.

2. The sparse minimax models. We observe N securities over T' time periods

and let y;; represent the rate of return of security j in time period ¢. A portfolio is

denoted by a vector of weights w; (j = 1,2,..., N), which stands for the percentage

of the budget invested in security j. Let g; be the average rate of return of security

j,ie y; = % Zthl Yjt, then the feasible region of the portfolio model is given by
N N

F = {w = (w1, wa, ..., WN) : Zgjjwj > G, ij =L wj > j= 1,...,]\7}7
j=1 j=1

where G is the minimum level of rate of return and « is the lower bound of the

portfolio. A security j is called an active security if w; # 0.

The minimax portfolio selection model proposed by Young [43], maximizing the
minimum return of the portfolio over all the time periods, is given as

N

max min E YitWs

weF t=1,.,T £ JEED
j=

which is equivalent to
N
wem}_l’r]lwprp s.t. Z;yﬁijMp7 t=1,...,T.
]:
In general, from the theory of linear programming (see [31]), we know that the

sparsity level of optimal solutions to this model tends to be very low if a # 0, even
the number of non-active securities can be zero in many situations. Therefore, we
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add an I, (0 < p < 1) norm in the objective function to seek a sparse optimal
portfolio.
We consider the following I,-sparse (0 < p < 1) minimax model

i _ P
ol = Myt Tl

al (3)
st Y ypw; > My, t=1,...,T,
j=1

1
where [|w]|, := (Z;\Ll |wj|p> " and 7(> 0) is a tunable parameter of the [, norm.
Unlike the mean-variance model, the minimax model requires a finite lower bound
condition, since the model may generate an infinite optimal value if &« = —oo. But
for a finite a, the feasible region F is bounded, then the corresponding optimal value
is bounded. Therefore, we set & > —o0 to guarantee the validness of the problem (3).
Furthermore, when considering the [;-sparse minimax model, we restrict ourselves
on the case that o < 0, which means the limited short selling is allowed in the
investment; otherwise, the problem (3) will reduce to the original minimax model
in that ||w||; = 1.
Here are remarks to discuss the parameter 7 of the l,-sparse minimax models.
(i) Let (w(T), Mp(T)) denote the solution of the model (3) with a specific 7. Fol-
lowing Brodie et al. [4], we observe that an optimal solution of the l,-sparse
minimax model satisfies the following relation

(r1 = 72) ([w|I2 = [[wem [2) = 0. (4)
Indeed, we have
Miy(ryy + 71 [[wiey [, Mp(ray + 71 [[wiey [
=Mp(ry) + 72 [y I} + (71 = 72) [Jwiey ||}

<My + 72 [[wiey ||} + (71 = 72) [Jwiey ||}
=My + 71w |12+ (71 = 72) ([ 12 = e |12) -

Notice that two inequalities are obtained by the minimization of respective
optimal solutions. If we consider the /,-norm as an indicator of sparsity, the
inequality (4) indicates that a larger 7 leads to a portfolio with a higher level
of sparsity (see Figures 3(a) and 4(a)).

(ii) Let w*™ and w™ denote the componentwise positive and negative parts of w,
respectively. When p = 1, by making use of the constraint Z;V=1 w; =1, it
follows from the inequality (4) that

(1= 7) (gl = o)) 2 0. (5)

Noting 37, w; = [[wt |1 — w1 and [Jw]s = [w* [l + w1, we obtain
the relation |[w(,,)[l1 — [[wi |l = Q(Hw(_mHl - Hw(_ﬁ)Hl) Hence, (5) holds
from (4). The inequality (5) demonstrates that, with a smaller 7, the portfolio

produced by (3) has more short selling stocks and that a nonnegative portfolio
may be obtained when 7 is sufficiently large (see Figures 3(b) and 4(b)).
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3. The sparse minimax Sharpe ratio model. In this section, we extend the
classical Sharpe ratio to a generalized version based on the minimax risk measure
and consider the minimization of this modified Sharpe ratio plus an /; norm. To
solve this [1-sparse model, a parametric algorithm is proposed as a generalization
of the algorithm introduced in [23].

3.1. The (generalized) [,-sparse minimax Sharpe ratio model. As the orig-
inal minimax risk measure —M), can be negative, in this subsection, we consider
the following generalized [;-sparse minimax Sharpe ratio model

(X0, gw; — )

min - s + 7wl
N
s.t. ZyjtijMmt:L...,T
j=1 (6)

N
ij =1
j=1

w; >o, j=1,...,N,

where 1 is the risk-free rate of return and A is a parameter such that A — M, > 0.
Also, we assume that Z;\le yjw;—ry > 0subject to the above constraints. Relations
(4) and (5) still hold for the /;-sparse minimax Sharpe ratio model.

B(\1) B(X2)

Revised Risk

Excess Return

FicURE 1. Different A of (generalized) Sharpe ratio

The choice of A may influence the final result. Figure 1 states a risk-return space.
Point A()\1) represents the excess return of portfolio A and its corresponding risk
revised by A1, and other points are denoted similarly. In this space, the value of the
Sharpe ratio is expressed by the slope of the point. As we can see from Figure 1,
under the selection of A;, portfolio A is better than portfolio B in that the gradient
of A(A1) is steeper than that of B(A1); while in the situation with Ay, the result is
opposite. But we have to emphasize that no matter how A is chosen, the revised
minimax risk measure remains the essence of the original, and the corresponding
optimal portfolio is reasonable on logic.
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3.2. The parametric algorithm. In this subsection, we introduce an algorithm to
find a global solution of the [;-sparse minimax Sharpe ratio model (6). To this end,
we study a generalization of the parametric algorithm proposed by Konno and Kuno
[23], which is to minimize the sum of a differentiable convex function and a linear
fractional function subject to linear inequality constraints. More specifically, we aim
to develop a parametric algorithm for the following nondifferentiable generalized
linear fractional programming problem

C?x + c10
Cgl‘ + C2o (7)
st. zeX={zeR": Ajx > by, Asx = bo},

min g(z) —

where g : R — R U {oo} is a convex but not necessarily differentiable function.
Moreover, c1, ca € R™, c19, cag € R, A1 € RP*™, Ay € R?7*™, by € RP, and by, € RY
are given parameters of the problem (7). We assume that the feasible region X is
non-empty and bounded; for any = € X, it holds that

crlr—i—cmzo, cg+020>0.

Consider the following auxiliary problem of the parametric algorithm

min g(z) — 26\/cfx + c10 + 2(cTz + cp)
.6 (8)

st. xeX, £€>0,

where £ € R is an auxiliary variable. For a fixed z = Z, (8) is a convex quadratic
problem with respect to the single variable £, and the optimal value is attained at

\/CTE c . . . ol
¢ = V220 The relation between (7) and (8) is given by Proposition 1.

CQTi+620

Proposition 1. (Theorem 4.3, [23]) Let (z*,£*) be an optimal solution of (8).
Then x* is an optimal solution of (7).

Next, with a fixed £ > 0, we define P(£) as the optimal value of the following
problem

min  F(xz,€) =: g(x) — 261/ cTx 4 10 + €2(ca = + c0)
st. zelX.

It is evident that F(-,€) is a convex function due to the concavity of \/cfx + c1o.
According to Proposition 1, an optimal solution of (7) can be obtained by solving
(9) with & = £*, where £* is a nonnegative number such that P(£*) < P(&) holds
for all £ > 0. Therefore, the main idea of the parametric algorithm is to solve (9)
over all £ > 0, then the solution corresponding to the smallest optimal value is an
optimal solution of (7). However, it is impossible to compute (9) when £ — oo. As
a matter of fact, from the point of parametric programming, all the problems with
a sufficiently large &, say £ > &naz, share the same optimal solutions (we prove it
in Proposition 2), say z¥,,,. Therefore, we only need to focus on [0, &,,4.] instead
of [0,00). In the rest of this subsection, we introduce a method to locate &a., and

the first stage is to find «7,,, using Proposition 2.

(9)

*

Proposition 2. There ezists Epmar € R such that x),,. s an optimal solution of
the problem (8) for any & > &max, where x), ... € S* = argmin{g(z) : € S7} and

St = argmax{ciz:x € S5}, S; :=argmin{cyz:x € X}.

If S3 is a singleton, then x%,,, = argmin{caz : v € X }.
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Proof. We only need to prove the following statement: there exists &, € R, for
any & > &nar and x € X\S*, we have F(z,&) > F(z ). To this end, we

max?

consider three cases: (1) z € S7\S*; (2) z € S3\57; (3) z € X\55. Note

F(2,8) — F(@}40,€) = 1(2)€ — 272(2)€ + 3(x),

where 1 (2) 1= c3 @ — 3 &0y V2(%) 1= /T + 10— /€L Thpan + C10, and y3(z) :=

9(2) — 9(Thag).

For case (1), we have 1 (z) = v2(z) = 0 and vy3(z) > 0, then F(x,&) > F(z}, 4., &)
holds for all &,,,, € R. For case (2), we have v1(z) = 0 and y2(z) < 0, then &4z
satisfying F'(z,£) > F (2}, &) exists in that vys(z) is bounded. For case (3), we
have 1 (z) > 0 and

Fe9) - Friend) (¢ 2))', 50 (ne)Y’
71 () 71(2) 71 (2) 71 ()
Then, by the boundedness of :ﬁg; and ng;v there exists &paq such that F(z, &) >
F(z},,.,€), for all x € X\ S5 and £ > &,4,. Therefore, the proof is completed. O

We have to point out that, although Konno and Kuno [23] gave an approach
to finding 7, .. of a generalized linear multiplicative programming problem, their
criteria may fail when the related problem has more than one solution.

Now, we introduce how to locate &4, by the use of =, When £ > &,,42, since

max*

Xk .x 18 an optimal solution of (9) and the linearity constraint qualification (LCQ)

is satisfied, then there exist A := (A1,...,Ap) € R? and p := (u1, ..., tq) € R? such
that .
¢+ e — AT - A
C1 Trax + €10 (10)

—bl)i:(), >\i20; 7;21,...7p,

0e ag(xjnaz) -

)\l(All'*

max

where (Ajx%,,, — b1); represents the i*" entry of the vector Ajx%,,. — b;. Let A

and A; be the sub-vector and sub-matrix of A and A; corresponding to the active
constraints in Ajx%,,. > by (i.e., the inequality is strict). Then (10) becomes

C1

5 + 62527

T

T
AO Ve 8g(x:naz) - ”
€l Tinge T €10

i -
where Ag = Al , V= . Naturally, &,q: can be estimated via the following
2
system
* C1
Agy € 8g(xmaw) - ?E + 6262
C Tmagx + 1o (11)

A>0,

Solving (11) can be very expensive and complicated, especially for large-scale
problems. But fortunately, when A is a matrix of full-rank square, the process can
be much simplified. Under this assumption, (11) can be rearranged as

vEQo— qif + €2
A>0,

Ty—1
where Qo = {(A) "1} x 0g(x%,0s)s Q1 = %, and gz := (AY) ley. Note
€1 TmazTC

that ()p can be viewed as a vector, whose elements are sets rather than numbers.
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Let Qé”\),qgk), and qy‘) be the sub-vectors of Qq,q1, and g2 corresponding to A.
Then, the existence of A implies

g =g Ve Ve >0 and ¢ = max{Q{M}, (12)

where q(()’\) = max{Q(())‘)} means q(({\) is a vector consisting of the maximums of all

sets in Q(())‘). Noting that the existence of A is certain, we have qé)‘) > 0. That is,
the solution of (12) can be derived explicitly.
Here are remarks about the parametric algorithm.

(i) Konno and Kuno [23] directly utilized the generalized inverse matrix to solve
the system (11). However, this method may lose information and lead to a
wrong &nqe When Ag is not a matrix of full-rank square.

(ii) The assumption that Ag is a matrix of full-rank square is not very strict. For
instance, it is satisfied if S5 (c.f. Proposition 2) is a singleton and the Linear
independence constraint qualification (LICQ) holds at z%, ..

(iii) Every step of deriving &4, is sufficient and necessary; thus, &, located by
the above process is exact for the problem.

Eventually, we conclude the parametric algorithm in 2 steps.

Step 1. Find z7,,. through solving the optimization problems in Proposition 2
(see S*, S7, and S5) and &4, through solving the system (11) or (12).
Step 2. If {ar < 0, then 2%, is the global solution of the problem (7); other-
wise, solve (9) over £ € [0, &maz], then the solution z* corresponding to

the smallest optimal value is the global solution of the problem (7).

A basic method to search the minimal optimal value of the problem (9) over
[0, &maz] 1s to discretize the interval. More precisely, we divide the interval [0, {maz]
into many subdivisions and compute P(§) at every endpoint. When the subdivisions
are narrow enough, the resulting solution would be sufficiently close to the global
solution x*.

4. Numerical experiments. In this section, we examine performances of the [;-
sparse minimax model, the [i-sparse minimax model and the [;-sparse minimax
Sharpe ratio model by using the weekly historical data of 1200 stocks from Hang
Seng Index, Shanghai Securities Composite Index, and NASDAQ Index (400 stocks
from each), during the period from January 1, 2005 to December 31, 2019. The
rate of return y;; is derived by vy, = W
stock j in week t. The benchmarks are the [1-sparse and [ 1-sparse mean-variance
models (see (2)) and the equal-weighted rule (see [15]).

We translate the [-sparse minimax model into a smooth formulation and use the
optimization toolbox (function ‘linprog’) in Matlab to solve the equivalent problem.
In virtue of the slackness variable u;(= |w|;), the problem (3) can be equivalently
transformed as a linear programming problem

, where pj; represents the price of

N
min - M,+T E U
weF,u, M, -
Jj=1
s.t. —u<w<u

N
Zyjtwj ZMp,t: 1,...,T.
j=1
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Notably, this is a parametric linear programming problem with respect to the pa-
rameter 7. According to [3], there exists a finite set of breakpoints 0 < 79 < 71 <
... < T < oo such that the optimal solution set keeps unchanged on any (open)
interval between two successive breakpoints, which is consistent with the figures in
Example 2. The computation of the [;-sparse mean-variance model is completed by
the CVX toolbox [19]. The iterative reweighted minimization method (see [25]) is
utilized to compute the [ 1-sparse minimax model and the [1-sparse mean-variance
model. The /;-sparse minimax Sharpe ratio model is solved by the parametric al-
gorithm proposed in Section 3.2. Initially, we test the computational time of five
models with 7 fixed. For reliability, we target 7 corresponding to 12-14 active stocks
for each model. The results are listed in Table 1.

TABLE 1. Computational time

[;-MM l%-MM [;-MV l%—MV [1-SR
0.56s 2.90s 24.35s 85.91s 225.33s

In Examples 1 and 2, we set the required rate of return, G, to be the average rate
of return of all the stocks. Each time period is taken as 1 week and the number of
periods is set as T = 11. The lower bound « of the portfolio is fixed at —0.2, which
means that the amount of short selling for each stock is limited under 20%.

Example 1. In the first experiment, we test the out-of-sample rate of return of the
l1-sparse minimax rule with different values of 7 and compare it with that of the
equal-weighted rule, which has been shown to outperform many portfolio selection
rules (see [15]). As mentioned above, the number of time periods is 11. That is,
for the current period, data from the previous 11 periods are utilized to determine
parameters y;:, ¥;, and G. An optimal portfolio is then obtained by solving the
l1-sparse minimax model (3). The out-of-sample rate of return is computed using
the obtained optimal portfolio and the rate of return of the following period. For
example, the first out-of-sample rate of return is computed using the rate of return
of period 12, and the same procedure is repeated in the sequential periods.

Figure 2 plots the out-of-sample rates of return of the equal-weighted portfolio
and the [/;-sparse minimax model with 7 = 0.06, 0.07, and 0.15, respectively. We

Equal-weighted
=0.06

Out-of-sample rate of return

100 200 300 400 500 600 700
Period

FIGURE 2. Rates of return with different 7



SPARSE MINIMAX PORTFOLIO AND SHARPE RATIO MODELS 11

observe that there are many similarities between the four curves in terms of the
trend. Specifically, their rates of return increase or decrease at the same time in most
periods. For the rates of return of the /;-sparse minimax model, we observe that
a small 7 leads to evident fluctuations while a larger 7 produces fewer variations.
This tendency is partly due to the relationship between short selling and the value
of 7 (see (5)). According to [26], short selling is considered quite risky, thus causes
fluctuations.

Example 2. In this experiment, we select 37 blue chips from Hang Seng Index
to illustrate the variational tendency of sparsity and short selling of the [-sparse
minimax model, the [1-sparse minimax model, and the [{-sparse minimax Sharpe
ratio model, together with two benchmark models — the /1-sparse and the [1-sparse
mean-variance models. For this purpose, we obverse their sparsity and short selling
with 7 going through 0 — 0.05. To see the influence of the parameter o, we conduct
experiments with & = —0.2 and o = —0.5, respectively. Figures 3(a) and 4(a)
show that, for all the five models, the number of nonzero stocks in the optimal
portfolio (i.e., the level of sparsity) decreases as the value of 7 increases, which can
be explained by (4). The monotonicity of the /;-sparse minimax Sharpe ratio model
is less exact compared with those of the other two l;-sparse models. As the value
of 7 goes up, the curve representing the [ 1-sparse minimax (resp. mean-variance)

Number of active stocks
Number of short selling stocks

0 0
0 0005 0.01 0015 0.02 0.025 0.03 0.035 0.04 0.045 0.05 0 0005 0.01 0015 0.02 0.025 0.03 0.035 0.04 0.045 0.05

T T

(a). Number of active stocks (b). Number of short selling stocks

FIGURE 3. Performances with o = —0.2

Number of active stocks
Number of short selling stocks

0 L L L L L . . T i 0 . ! . ‘ | —y
0 0005 001 0015 0.02 0.025 003 0.035 0.04 0.045 0.05 0 0005 0.01 0015 0.02 0.025 003 0.035 0.04 0.045 0.05

T T

(a). Number of active stocks (b). Number of short selling stocks

FIGURE 4. Performances with o = —0.5



12 CHENCHEN ZU, XIAOQI YANG AND CARISA KWOK WAI YU

model reduces more dramatically than that of the /;-sparse minimax (resp. mean-
variance) model. The monotonic property is quite applicable and plays a critical
part in the following examples. More precisely, we can target optimal portfolios in
which the number of selected stocks is required within a specific range by taking
the value of 7 over a finite and smaller interval.

Figures 3(b) and 4(b) demonstrate a similar monotonic trend for short selling,
which coincides with (5). Although an analogous inequality to (5) is not obtained
for the I3 model, the relation [|z||} = 215+l |5 (0 < p < 1) also partly explains
the coincident tendency between the level of sparsity and short selling. According
to Figures 3(a) and 3(b) (or Figures 4(a) and 4(b)), a more sparse portfolio, at
the same time, is a portfolio with a smaller number of negative-weighted stocks,
and a quite sparse portfolio may not include any short positions, as we mentioned
in remark (ii) in Section 2. Comparing Figure 3 and Figure 4, we find that the
selection of o does not influence the descent tendencies; and an extremely sparse
optimal portfolio can always be attained with different . The only difference is
that the extremely sparse optimal portfolio is obtained at a smaller 7 for the model
with a larger «. It is also noteworthy that in all the figures, graphs are piecewise
constant due to the parametric construction of sparse models; see related analysis
at the beginning of this section.

In fact, the 1200-stock problem shares the same monotonic trend. The only thing
that is changed is that, for the 1200-stock problem, the sparse minimax models vary
in a larger range, say 0—0.07, while the sparse mean-variance models vary in a much
smaller range, say 0 — 10~%. This is attributed to the different orders of magnitude
of the objective functions. For the 37-stock problem, the orders of the minimax
and mean-variance models are both —1. However, for the 1200-stock problem, the
orders of magnitude are 1 and —11, respectively.

In the next example, we repeat the process mentioned in Example 1 over five
observation periods and compare five different sparse models. The required rate of
return G is taken to be the maximal rate of return of stocks. The level of short
selling o and the number of periods T remain unchanged while the out-of-sample
observation period is reset as 11 weeks. For example, data from period 713 — 723
are used to determine the optimal weights, and then we use them to compute the
out-of-sample rate of return of period 724 — 734.

Since the same regularization parameter 7 in different sparse models generally
corresponds to different levels of sparsity, there is little comparability between dif-
ferent sparse models with the same 7. A more practical method is to compare them
at the same level of sparsity. The comparison in the following example is completed
under this consideration.

Example 3. This experiment examines the out-of-sample performances of the [;-
sparse minimax model, the [ 1-sparse minimax model, and the [;-sparse minimax
Sharpe ratio model under five levels of sparsity (see the last five columns of Tables
2(a) to 2(e)), from period 699 — 709 to period 703 —713. The l1-sparse and [} -sparse
mean-variance models (see (2)) are considered to be benchmarks in this example.
The level of sparsity, say 11 — 20, means the number of active stocks is between
11 and 20, which can be achieved by adjusting the value of 7 (see Example 2).
However, in general, more than one portfolios fall into the target level of sparsity.
For this situation, the smallest risk of these portfolios and its corresponding rate
of return, Sharpe ratio, and number of short selling stocks are considered. If the
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portfolio with the minimal risk is still not unique, we select one with the maximal
rate of return.

TABLE 2. Performances of different sparse models

(a). li-sparse minimax model

Equal Weight 11-20 21-30 31-40 41-50 51-60
li-MM R Riskui  SRwm S R Riskua SRum S R Riskuw SR S R Riskma SRum S R Riskw SRuu S R Riskwi SRum S
period 699-709| 0.007 0.032 0.218 0 [0.012 0.112 0.109 10|0.033 0.248 0.133 21|0.034 0.443 0.076 31|0.046 0.511 0.090 40(0.072 0.616 0.118 50
period 700-710| 0.009 0.032 0.270 0 [0.019 0.271 0.070 10|0.042 0.383 0.111 20|0.033 0.453 0.073 29|0.058 0.502 0.116 39|0.077 0.668 0.116 50
period 701-711( 0.008 0.032 0.237 0 [0.097 0.325 0298 12|0.150 0.424 0.353 21|0.169 0.612 0.277 31(0.238 0.713 0.334 40|0.286 0.949 0.301 51
period 702-712| 0.006 0.032 0.199 0 |-0.004 0.307 -0.014 11|0.003 0.633 0.005 22|-0.002 0.974 -0.002 31|0.010 1.086 0.010 42|0.024 1.237 0.019 51
period 703-713| 0.004 0.029 0.150 0 0.022 0.179 0.123 9 |0.099 0.252 0.393 21|0.127 0.387 0.329 31|0.155 0.525 0.296 40|0.196 0.677 0.289 51

(b). l%—sparse minimax model

Equal Weight 11-20 21-30 31-40 41-50 51-60
l2-MM R Riski« SR S| R RSk SRuu S| R RSk SRuu S| R RisKws SRww S| R Riskws SR S| R Riskwe SR S
period 699-709| 0.007 0.032 0.218 0 [0.030 0.235 0.128 13|0.049 0.332 0.148 23|0.057 0.424 0.134 36|0.065 0.598 0.108 42|0.072 0.687 0.105 48
period 700-710| 0.009 0.032 0.270 0 |0.050 0.476 0.105 14|0.008 0.625 0.013 24/0.033 0.762 0.043 37|0.033 0.835 0.039 42(0.044 0.967 0.046 53
period 701-711{ 0.008 0.032 0.237 0 |0.067 0337 0.198 11|0.142 0.506 0.280 24(0.201 0.736 0.273 34|0.278 0.942 0.295 44|0.299 1.131 0.264 51
period 702-712| 0.006 0.032 0.199 0 |0.051 3.182 0.016 11|0.758 6.499 0.117 16|-0.009 0.418 -0.022 31|-0.010 1.259 -0.008 44|0.016 1.817 0.009 50
period 703-713| 0.004 0.029 0.150 0 [0.037 0.098 0384 5 |0.104 0.381 0.273 23|0.155 0.411 0377 32(0.194 0.603 0.321 43|0.235 0.710 0.331 53

(¢). li-sparse mean-variance model

Equal Weight 11-20 21-30 31-40 41-50 51-60
li-MV R Riskus  SRuw N R Riskus SRw S R Riskwv  SRws S R Riskus SRw S R Riskwv  SRw S R Riskuv  SRw S
period 699-709| 0.007 0.000 31.384 0 |0.014 0.004 3.177 7 |0013 0.004 3.156 11|0.014 0.004 3.259 14|0.014 0.004 3.393 18|0.015 0.004 3.653 27
period 700-710| 0.009 0.000 32.612 0 [0.012 0.009 1442 6 0011 0.008 1.362 7 |0.010 0.008 1.288 16 0.009 0.007 1.193 24(0.007 0.007 1.040 35
period 701-711( 0.008 0.000 25308 0 [0.021 0.027 0.809 5 |0.025 0.026 0.963 7 |0.032 0.027 1215 15(0.029 0.023 1.249 23|0.027 0.022 1226 27
period 702-712| 0.006 0.000 21.137 0 |0.011 0.008 1.337 7 |0.012 0.008 1.404 9 [0.013 0.008 1.531 12|0.010 0.008 1.288 140.019 0.010 1.909 23
period 703-713| 0.004 0.000 18.594 0 [0.006 0.006 0.995 6 |0.005 0.005 0.916 9 |0.004 0.006 0.737 10| 0.005 0.006 0.843 14|0.005 0.006 0.843 21

(d). 1 1-sparse mean-variance mo del

Equal Weight 11-20 21-30 31-40 41-50 51-60
MV R Riskw SRw S| R Riskw SRw S| R Riskw SRw S| R Riskw SRw S| R Riskw SRw S| R Riskw SRw S
period 699-709( 0.007 0.000 31.384 0 |0.033 0016 2060 8 |0.015 0.006 2.592 12|0.009 0.007 1.341 19|0.030 0.015 1.940 24|0.008 0.007 1.231 36
period 700-710| 0.009 0.000 32.612 0 [0.006 0.009 0.687 6 |0.040 0.034 1.197 17|0.006 0.009 0.692 20| 0.006 0.009 0.718 25(0.007 0.009 0.769 32
period 701-711| 0.008 0.000 25308 0 [0.055 0.043 1.263 7 |0.054 0.043 1.247 13|0.053 0.045 1.162 18|0.052 0.045 1.145 30|0.052 0.045 1.155 32
period 702-712| 0.006 0.000 21.137 0 |0.024 0.012 2.078 5 |0.021 0.011 1.851 12|0.021 0.011 1.867 14|0.021 0.011 1.865 190.024 0.012 2.081 23
period 703-713| 0.004 0.000 18594 0 |0.018 0.006 2.911 4 |0.015 0.006 2.484 10|0.015 0.006 2.441 15|0.008 0.006 1.534 17|0.013 0.006 2.424 26

(e). li-sparse minimax Sharpe ratio model

Equal Weight 11-20 21-30 3140 41-50 51-60
sk R Riskum  SRum S R Riskua SR S R Risku SRu S R Riskma SRum S R Riskuu SRuu S R Riskuu SRum S
period 699-709| 0.007 0.032 0.218 0 [0.026 0.274 0.095 11|0.069 0.533 0.130 20|0.090 0.804 0.112 31(0.113 1.042 0.108 42(0.130 1.199 0.108 50
period 700-710| 0.009 0.032 0.270 0 |0.023 0431 0.054 11|0.028 0.563 0.050 20|0.063 0.893 0.071 32|-0.084 1.148 -0.073 42|0.097 1.312 0.074 50
period 701-711{ 0.008 0.032 0.237 0 |0.028 0244 0.113 11/0.032 0.517 0.062 20(0.064 0.771 0.084 30|0.107 1.184 0.091 40|0.151 1.462 0.103 52
period 702-712| 0.006 0.032 0.199 0 [0.025 0.295 0.083 10(0.046 0.556 0.082 21|0.065 0.791 0.082 30|0.082 1.056 0.077 40|0.082 1316 0.063 50
period 703-713| 0.004 0.029 0.150 0 [-0.001 0.306 -0.005 10| 0.006 0.552 0.011 21|0.000 0.820 0.000 30(0.000 1.168 0.000 40(0.008 1.563 0.005 52

In Tables 2(a) to 2(e), R, Risky/Riskny, SRym/SRumvy, and S represent the
out-of-sample rate of return, the out-of-sample risk, the out-of-sample Sharpe ratio,
and the number of short selling stocks. Related results of the equal-weighted rule
is also presented for reference. The equal-weighted rule outperforms all the sparse
models in terms of the Sharpe ratio due to its extremely small risk. On the contrary,
the rates of return of five sparse models are more favorable than those of the equal-
weighted strategy. From Tables 2(a), 2(b), and 2(e), we observe that, for all the
sparse minimax models, a more sparse optimal portfolio tends to have a lower risk
and a lower rate of return. However, the changes of risk and rate of return are not
so significant for the [1-sparse and [ 1-sparse mean-variance models.
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Next, we compare the [;-sparse minimax model and the [ 1-sparse minimax model.
When the level of sparsity is extremely high, i.e., with 11 — 20 active stocks, the
l 1-sparse minimax rule is better than the /;-sparse minimax rule, both in the aspect
of the rate of return and Sharpe ratio. When the optimal portfolios are less sparse,
i.e., with 41 — 50 or 51 — 60 active stocks, both models perform identically. That
is, the [ 1-sparse minimax model would be a desirable choice for investors who seek
extremely sparse portfolios, while the {; formulation is more beneficial to those who
prefer less sparse portfolios due to its computational simplicity (see Table 1). For
the [1-sparse and [ 1-sparse mean-variance models, we do not observe superiorities
of the [1-sparse model. As a whole, their out-of-sample performances appear to be
commensurate for all levels of sparsity.

Remarkably, the Sharpe ratios of the minimax model and mean-variance model
are not comparable in that they are based on their own, but the values of distinct
risk measures are not comparable. Therefore, the only performance measure for
comparing the sparse minimax models and sparse mean-variance models is the out-
of-sample rate of return. From Tables 2(a) and 2(c) (resp. Tables 2(b) and 2(d)),
we find that the optimal portfolios of the {1-sparse (resp. I 1 -sparse) minimax model
tend to achieve higher rates of return than those of the l1-sparse (resp. [ 1 -sparse)
mean-variance model. For the [1-sparse minimax model and the /;-sparse minimax
Sharpe ratio model, Tables 2(a) and 2(e) show that two models perform similarly.
Although the computation of the [;-sparse minimax model is much easier, the [;-
sparse minimax Sharpe ratio model still would be a good choice for investors who
do not have the desired return in advance.

TABLE 3. Performances with different «

period 702-712 o=-0.02 «=-0.05 0=-0.2 o=-0.5
(level 11-20) R Riskww SRws S| R Riskwe SRw S| R Riskue SRw S| R Riskw SRw S
11-MM 0003 0.130 0020 14[0.010 0.130 0074 11[-0.004 0307 -0.014 11[0.103 0505 0.205 13
MM [-0.004 0.122 -0.036 100016 0.196 0.079 15[0.051 3.182 0016 11|0.023 0439 0052 7
1i-MV 0013 0.009 1401 14[0.020 0012 1.623 11|0.011 0008 1337 7 [0.019 0010 1971 5
hia-MV -0.007 0.013 -0.561 16(0.019 0.011 1.727 13|0.024 0012 2.078 5 [0.035 0015 2.305 5
1i-SR 0004 0.141 0028 14[0.010 0.204 0049 17|0.025 0295 0.083 10[0.079 0.795 0.100 12

We also conduct the above experiment with a = —0.02, —0.05, and —0.5, respec-
tively. With a larger level of short selling, we observe that higher rates of return
and Sharpe ratios are obtained for all the models and that the risks of three sparse
minimax models increase. However, the risks of two sparse mean-variance models
are stable with different values of o. The results of period 702 — 712 with 11 — 20
active stocks are listed in Table 3 as the representative.

5. Conclusion. In this paper, we considered the l,-sparse (0 < p < 1) linear port-
folio models and took the minimax selection rule (see [43]) as the representative
to discover their properties and numerical performances. On the other hand, we
constructed the /;-sparse minimax Sharpe ratio model based on a modified minimax
risk measure. To overcome the computational difficulty of the [;-sparse minimax
Sharpe ratio model, we extended the parametric algorithm in [23] to a more general
framework. In numerical experiments, we found all sparse minimax models are ef-
ficient for promoting the sparsity of the optimal portfolios. The [ 1-sparse minimax
model is advantageous when the investor requires an extremely sparse portfolio;
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while the [;-sparse minimax model is favorable for investment with a less strict re-
quirement for sparsity. For the [;-sparse minimax Sharpe ratio model, it is preferred
when the desired return is not given in advance.
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